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ABSTRACT

A half-bridge LLC resonant converter with Zero Voltage
Switching (ZVS) and Pulse Frequency Modulation
(PFM) is a widely used topology for DC/DC conversion.
A Digital Signal Controller (DSC) provides component
cost reduction, flexible design, and the ability to monitor
and process the system conditions to achieve greater
stability. The dynamics of the LLC resonant converter
are investigated using the small signal modeling tech-
niqgue based on the Extended Describing Functions
(EDF) methodology. A comprehensive description of
compensator design for control of the LLC converter is
also presented.

FIGURE 1:

INTRODUCTION

The LLC resonant converter topology, illustrated in
Figure 1, allows ZVS for half-bridge MOSFETSs, thereby
considerably lowering the switching losses and improv-
ing the converter efficiency. Mathematical modeling of
resonant converters is different from the conventional
fixed frequency Pulse-Width Modulation (PWM)
converters. For LLC converter modeling, the method of
averaging cannot be used because some state
variables do not have a DC operating point. We should
therefore, use other modeling techniques, such as the
Extended Describing Function (EDF). In order to design
a suitable digital compensator, the large signal and
small signal models of the LLC resonant converter are
derived using the EDF technique.
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Conventional methods, such as State-Space Averaging
(SSA), have been successfully applied to PWM switch-
ing converters. In PWM switching converters, the
switch network is replaced by an average circuit model
and only low-frequency (DC) components are consid-
ered, while ignoring switching harmonics. In general,
the large and small signal modeling of PWM switching
converters is done by considering the output LC filter.
Typically, the natural frequency (fo) of the output LC
filter is much lower than the switching frequency (f;).

In frequency controlled resonant converters, switching
frequency is close to the natural frequency of the LC
resonant tank. The inductor current and capacitor volt-
age of the LC resonant tank, magnetizing current and
primary voltage of the transformer contain switching
frequency harmonics, which must be considered to
obtain an accurate model. Therefore, modeling is done
by considering magnetizing inductance (L,,), leakage
inductance (L,) and resonant capacitance (C). The Lj,
L,, and C, constitute the primary resonant components.

The small signal modeling approach, based on the
EDF method, is generally applied to model LLC reso-
nant converters as this method considers all switching
frequency harmonics for accuracy. Using the EDF, it is
easy to obtain the commonly used transfer functions,
such as control-to-output transfer function (G,,,) and

line-to-output transfer function (G,,,).

SMALL SIGNAL MODELING OF LLC
RESONANT CONVERTER

Resonant DC/DC converters are nonlinear systems
and a dynamic model is helpful to determine the linear-
ized small signal model, and thereby, the system
transfer functions for the Pulse Frequency Modulated
(PFM) DC/DC converters.

The following seven-step process describes how to
obtain the plant transfer functions for the PFM DC/DC
converters.

1. Time Variant Nonlinear State Equations
State equations are obtained by writing the circuit
equations using Kirchhoff's Laws for each state
variable.

2. Harmonic Approximation

Quasi-sinusoidal current and voltage waveforms of
the LLC resonant tank are resonant current (i,(2)),
magnetizing current (i,,(#)) and voltage across
resonant capacitor (v..(t)). These parameters are
approximated to their fundamental components.
The current and voltage of the output filter are
approximated to their DC components.

Extended Describing Function (EDF)

A linear, stationary system responds to a sinusoid
with another sinusoid of the same frequency, but
with modified amplitude and phase. The describing
function method is used to represent a nonlinear
function in a linear manner by considering only the
fundamental component of the response of the
nonlinear system.

In this application note, higher order harmonics are
ignored as they are considered to be negligible.
This principle of describing functions is extended to
model resonant converters and it is labeled as EDF.
Using the EDF method, the discontinuous terms in
the nonlinear state equations are approximated to
their fundamental or DC components.

Harmonic Balance

The quasi-sinusoidal terms and the nonlinear dis-
continuous terms obtained from the harmonic
approximation and EDF are substituted in the
state equations. The coefficients of DC, sine and
cosine components are then separated to obtain
the modulation equations (an approximate large
signal model).

Obtaining the Steady-State Operating Point

A large signal model from the harmonic balance is
used to obtain the steady-state operating point by
setting the derivative terms of harmonic balance
equations to zero. This is because the state
variables do not change with time in steady state.

Perturbation and Linearization of Harmonic
Balance Equations

The large signal model obtained from the harmonic
balance has nonlinear terms arising from the
product of two or more time varying quantities. The
linearized model is obtained by perturbing the
large signal model equations about a chosen oper-
ating point and by eliminating the higher order
(nonlinear) terms.

State-Space Model

The state-space model of a continuous time
dynamic system can be obtained from the
perturbed and linearized model of the harmonic
balance equations, described in Step 6, to derive
the control-to-output transfer function.
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Derivation of Nonlinear State Equations

A quasi-square wave voltage (v, ), generated from the
active half-bridge network, is applied to the resonant
tank of the LLC resonant converter, as illustrated in
Figure 2.

FIGURE 2: EQUIVALENT CIRCUIT OF LLC RESONANT CONVERTER
. Q3
A Ts Ls ir ICI;S 'o npinsins isp lo
—AMA— Y YY) 14T
AV T L F 1
E Vse c . R vo
° ° ] Ve
O od 4|
Vin =/ A8
Vse
Q4
|HTS_>|
5 i
The state equations are obtained in Continuous Tank EQUATION 3: TRANSFORMER PRIMARY
Current mode by using Kirchhoff's Current Law (KCL) VOLTAGE
and Kirchhoff's Voltage Law (KVL), as shown in di
Equation 1 through Equation 4. Vo= L %
se m t
EQUATION 1: RESONANT TANK VOLTAGE
di EQUATION 4: TRANSFORMER
Vap = LS(E) v,V SECONDARY CURRENT
d
Where: abs(i,,) = (1 +%)cf el
v;‘@ =n VSC
= n x sgn(i,) x abs(v,) The output voltage (v,) is shown in Equation 5.
=n x sgn(i,) x (rgabs(ig,) + v,)
Here: EQUATION 5: OUTPUT VOLTAGE
sgn(iy) = {-1, ifi, <0 v, =1, % abs(isp) +(r—:) Ver

+1, ifi, 2 0}

In this application, the LLC resonant converter output
voltage is regulated by modulating the switching
frequency (wg).

RESONANT TANK
CURRENT

dvcr

S dt

EQUATION 2:

I =
r

Where:

'
rc—rcHR
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Applying Harmonic Approximation

The Fourier series decomposes periodic functions or
periodic signals into a sum of (possibly infinite) simple
oscillating functions (sines and cosines, or complex
exponentials). Expressing the function (f{x)) as an
infinite series of sine and cosine functions is shown in
Equation 6.

EQUATION 6: GENERAL FOURIER EXPANSION

(e 0]
fix) = ay* z (an sin(nx) + bn cos(nx))
n=1
= (ag* ay sin(x) £ a, sin(2x) £ as sin(S’x)ib1 cos(x)*b,cos(2x)*b;cos(3x))
Expressing f(x) by considering only the fundamental components and ignoring the DC component, and other

harmonic terms is:
flx) = a, sin(x) £ blcos(x)

The primary side resonant tank parameters, i,(¢), v.(f) The amplitudes of sine component of resonant
and i,,(¢), provided in Equation 7, are approximated to current (i), cosine component of resonant current (i..),
their fundamental harmonics, and the output filter volt- sine component of resonant capacitor voltage (v,),
age (v, is approximated to the DC component. The cosine component of resonant capacitor voltage (v,),
derivatives of i(f), v.,(f) and i,(r are shown in sine component of magnetizing current (i,,,) and cosine
Equation 7. component of magnetizing current (i,,.) are slow time
varying components. Therefore, the dynamic behavior
EQUATION 7: FUNDAMENTAL of these parameters can be analyzed.
APPROXIMATION OF Figure 3 and Figure 4 illustrate the simulation wave-
PRIMARY TANK forms of the LLC resonant converter operating at below
PARAMETERS the resonant frequency and Continuous Tank Current
mode.

ir(t) = i (t)sin(of) - ic(t)cos(o)st)

vCr(t) = v (t)sin(wt) - vc(t)cos(mst)

i,(t) = ims(t)sin(cost)—imc(t)cos(o)st)
di di di
r ; . c .
- = (d_;"'wslc) s1n(wst)—(m—wszs) cos(m,1)
dv

dv, dv ,
o (7; + msvc) sin(o,f) - (d_tc - msvs) cos(,f)

m _ nms . .
- = + O, sin(w;?)

_( (Z’c - msims) cos (o)

Where:
, = Switching frequency in radians/second

DS00001477B-page 4 © 2012-2018 Microchip Technology Inc.
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FIGURE 3: SIMULATION WAVEFORMS OF LLC RESONANT CONVERTER
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FIGURE 4:

SIMULATION WAVEFORMS OF LLC RESONANT CONVERTER
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Applying Extended Describing
Function (EDF)

Extended Describing Function is a powerful mathemat-
ical approach for understanding, analyzing, improving
and designing the behavior of nonlinear systems.

The nonlinear terms provided in Equation 1 through
Equation 5, vée and abs(isp), can be approximated to
their fundamental harmonic terms and DC terms.

EQUATION 8: EDF APPROXIMATION

The functions, fi(d, vy), foise ign x abs (vy)), f3(ise, gy
n x abs (vy,)) and fy(iy, i), are called EDFs. Where i i,
are the sine and cosine components of the transformer
secondary current, and iy, is the resultant current flowing
in secondary. 17, />, /3 and f, are functions of the harmonic
coefficients of state variables at chosen operating condi-
tions. The EDF terms can be calculated by using the
Fourier expansion of nonlinear terms. The EDF approx-

imation to nonlinear states is shown in Equation 8.

sgn(isp) xnxabs(vg,) = f,(i

i
ss’sp’

v, (1) = fl(d’ Vi) sin(o )
nxabs(vg,)) sinmxt—f3(z:

isp = f4(iss’ isc)

s isp, nxabs(v,,))

Figure 5 illustrates a typical switching waveform of a
half-bridge inverter which is the input to the LLC
resonant tank (6 = Dead Time, d = Duty Cycle).

FIGURE 5: OUTPUT SWITCHING
WAVEFORM OF
HALF-BRIDGE INVERTER
Vas
Vin |
0 . o)
|
|
0 o >t 27

The fundamental output voltage of a half-bridge
inverter is shown in Equation 9.

EQUATION 9: OUTPUT VOLTAGE OF
HALF-BRIDGE INVERTER

5 (n—6)
fl(d, Vig) = o ‘[ Vig X sin(w?)dwt
5 0
V.
_ in (m—19)
f](da Vin) = —? COS(O)t)|e
2Vin
f1(d:v;,) = 5 —[cosb - cos(n—0)]
2v. 2v.

AR %cose =

. 2Vz'n . (T
fl(d, vi}’l) = Tsln(zd) = Vg

Where:
_m dn
9=373
ves = Sine component of the output voltage
of half-bridge inverter

© 2012-2018 Microchip Technology Inc.
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The switching waveform has an odd symmetry. There-
fore, there is no cosine component (v,. = 0, where ve,
is the cosine component of the output voltage of the
half-bridge inverter) in the switching waveform and
the sine component (v,) forms the fundamental
component of v, ..

The second expression in Equation 8 is based on the
fundamental frequency approximation. Fundamental
component of transformer primary voltage can be
decomposed in sine and cosine terms, where fy(i;, i,
n x abs(vye)) and f3(iy, is,, n x abs(vy,)) are the magnitude
of sine and cosine components, respectively. Deriva-
tion of £, and f3 is shown in Equation 10. A factor of 4/x
included in Equation 10 is based on the fundamental
component of a square wave of transformer primary
voltage.

The EDF approximation to the nonlinear transformer
primary voltage is shown in Equation 10.

EQUATION 10: EDF APPROXIMATION TO
TRANSFORMER PRIMARY
VOLTAGE

4 iss
f2(1“, i X abs(vg,)) = et (nxabs(vg,))
sp

4n ps

(abs(vy,))=v

S

PP
41
- ﬁ (nxabs(v,,))

sp

f3(i56, isp, nxabs(v,,))

_4n'pe _
=— ;(abs(vse)) =V

Where:
Vps Vpe = Sine, cosine components of the
transformer primary voltage
ipg 1, = Sine, cosine components of the
transformer primary current
Inp = Resultant transformer primary current
iy» I = Sine, cosine components of the

transformer secondary current

isp = Resultant current flowing in secondary

n =np/ns = Transformer turns ratio

Harmonic Balance

Harmonic balance is a frequency domain method used
to calculate the steady-state response of nonlinear
differential equations. The term, “harmonic balance”, is
descriptive of the method, which uses the Kirchhoff’s
Current Laws (KCLs) written in the frequency domain
and a chosen number of harmonics. Effectively, the
method assumes that the solution can be represented
by a linear combination of sinusoids, and then balances
current and voltage sinusoids to satisfy the Kirchhoff’s
Laws. The harmonic balance method is commonly
used to simulate circuits which include nonlinear
elements.

Substituting Equation 9 and Equation 10 into Equation 1
through Equation 5, and separating the DC, sine and
cosine terms, Equation 11 through Equation 13 are
obtained.

EQUATION 11: SINE AND COSINE

COMPONENTS OF TANK
VOLTAGE
di
% =L(i+0)i)+ri +v +v
es s\Udt stc s's s ps
di
= LS( l; )+r1 +v +4nl§;abs(v )
di
VechV(d_; u)z)+r1 tv, v ne
di
=LS( tc 0)1)+r1 +v, +—%abs(v )

EQUATION 12: SINE AND COSINE
COMPONENTS OF TANK
CURRENT

i = Cs(a;—vt+m vc)

dvC
lC = C‘Y(W_ (DA‘VA)

EQUATION 13: SINE AND COSINE

COMPONENT OF
TRANSFORMER PRIMARY
VOLTAGE
di
ms _ 4n ps
Lm(T'HDYlmc) = 3 abs(vy,) = Vos
PP
I (dimc . )_4}1 pc b _
m\~7; —od, | = - lppa s(vy,) = vpc

DS00001477B-page 8
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Only the DC term is considered for the output capacitor
voltage, as shown in Equation 14.

EQUATION 14: OUTPUT FILTER
CAPACITOR VOLTAGE

dv
r c
c o1 _ 2.
(1 +§)Cf—dz TR T 7l

The output voltage equation is shown in Equation 15.

EQUATION 15: OUTPUT VOLTAGE

v Zr'i +(2jv
0 m C sp rC Cf

FIGURE 6:

Equation 11 through Equation 15 are the nonlinear
large signal model of the LLC resonant converter
power stage and are illustrated in Figure 6. It is import-
ant to note that the input of Equation 12 through
Equation 15, {v,, @, d}, is slow varying quantities with
respect to the switching frequency. Therefore, the
modulation equations can be easily perturbed and
linearized at chosen operating points.

LARGE SIGNAL MODEL OF LLC RESONANT CONVERTER

S™s
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Deriving Steady-State Operating Point

Under steady-state conditions, the state variables of the
modulation equations, Equation 12 through Equation 14,
do not change with time. For a chosen operating point,
the time derivatives in Equation 12 through Equation 14
are set to zero and the steady-state values are obtained
(shown in upper case letters). The transformer currents
on the primary and secondary sides are shown in
Equation 16.

EQUATION 16: TRANSFORMER CURRENTS

Primary Current:

. 2+. 2
bop = lps lpC
Secondary Current:
._J.2+.2_ .2+.2_.
lS]J = lss lsc =n lps lpc = nzpp

Where:
n = np/ns = Transformer turns ratio

The output filter capacitor voltage in steady-state con-
ditions can be calculated by substituting Equation 16
into Equation 14, as shown in Equation 17.

EQUATION 17: FILTER CAPACITOR
VOLTAGE

Transformer secondary voltage in steady-state is derived
using Equation 15, which is shown in Equation 18. The
steady-state analysis for the tank current, resonant
capacitor voltage and magnetizing current are provided
in Equation 19 through Equation 23.

© 2012-2018 Microchip Technology Inc.
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EQUATION 18: TRANSFORMER
SECONDARY VOLTAGE

2.
abs(vg,) = izl +v,

rl
= 21 +2, i +(0)V
TSP sp r ¢

c

c‘ 21’1
<) R
(rd”) = op Cr)npp

[(rd+r N+ ()RFR”IPP

2n
= +R)—I1
g+ Rl

Substituting the value of Equation 17 into the sine
component of tank voltage, the result obtained is
shown in Equation 19.

EQUATION 19: SINE COMPONENT OF

TANK VOLTAGE
di 4i
_ ; ps
Voo = L(dt+o)1)+rS1S+vS+El_—nXabs(vse)
pp
4 1ps 20
= LQ I +rl, +V+-#L(rd+1e)1
pp
-y =2y
es g in
I +LQ1 +V +R I =2
=+ LQI +V+R L, =V,
= (ry+R)I, +LQI A+ V- Relms %Vl.n
Where:
I =1-1
ps S ms
2
8n
R, = =5 [ry+R]
T

Substituting the value of Equation 17 into the cosine
component of the tank voltage, the result obtained is
shown in Equation 20.

EQUATION 20: COSINE COMPONENT OF

TANK VOLTAGE
di i
vec—L(dt—m1)+rz +v, +iﬁnxabs(v )
PP
= LI +rl +V, +‘-‘1p—czl(d+k)1
pp
=V :O

ec

= _LvQy1v+rv1 +V +1 R =0
ST e c pce

= -LQJ +(r + Re)]C + Vc —lmcRe =0
Where:

I =1-1
pc c ‘mc

The steady-state values of sine and cosine compo-
nents of the tank current can be obtained by equating
dvydt and dv./dt to zero. The result is shown in
Equation 21.

EQUATION 21: SINE AND COSINE
COMPONENTS OF TANK
CURRENT

dvs
C(dt+mv) =i

= [-C,QV =0

dv
Cs(jtc - wsvs) =1

I,+CQV =0

Substituting the value of Equation 17 into the sine
component of magnetizing current, the result is shown
in Equation 22.

EQUATION 22: SINE COMPONENT OF
MAGNETIZING CURRENT

dims 4 ip
Lm( I +coszmc) = Ex—xnxabs(v )
pp

=L QI -RI =0
m-"S"mc e ps

= RI-L QI —RI =0
e's “m s me e'ms

DS00001477B-page 10
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Substituting the value of Equation 17 into the cosine
component of magnetizing current, the result is shown
in Equation 23.

EQUATION 23: COSINE COMPONENT OF
MAGNETIZING CURRENT

di

mc . 4n ipc
Lm( 7 —coszms) = =i nxabs(v,,)
pp
= (—Lszlms) —Relpcz 0

=L QI +RI -RI =0
m="s ms ec “emc

Equation 20 through Equation 23 are arranged, as
shown in Equation 24.

EQUATION 24: ARRANGEMENT OF

STEADY-STATE EQUATIONS
(4R +LOQI +V,~RI =2y =V,
e c ems g

~LQJ +(r+ R +V, ~1 R, =0=7V,
[-CQV, =0
[+CQV, =0
RI~L QI —RI =0
es m- S mc e nms

L QI +RI -RI =0
m-"s'ms e c e mc

To obtain the tank current, capacitor voltage and mag-
netizing current from the steady-state equations,
Equation 24 is formulated in the matrix form, as shown
in Equation 25.

Perturbation and Linearization of
Harmonic Balance Equations

The nonlinear system equations, Equation 12 through
Equation 14, are in the form of: x' = fix(®), u®);
x(t) = state of the nonlinear system and u(?) = input to
the system.

The function (x’) can be linearized about an operating
point and is expressed in the form of: x’ = Ax + Bu,
where 4 and B are the Jacobian matrices of the system
with respect to x(#) and u(z), as shown in Equation 26.

EQUATION 26: JACOBIAN MATRICES

(D (1)
o ox (1)
/ Xo, U
df (x(1),u (1)),
B, = ——2
y Ou (1)
/ Xo, U
Where:
xp and u, represent the steady-state operating
points.

EQUATION 25: STEADY-STATE
OPERATING POINT
XxY T UO
Where: r=Xx =t
r4R, LOS 10 R, 0
LQ, r+R, O 1 0  -R,
1 0 0 -CQ, 0 0
X =
0 1 CSQ 0 0 0
R, 0 0 -R,-L,Q
0 R, 0 0 LO -R,
VES [
: ‘
_ 10 s
Y1, Y=y
C
0 I
0 ms
S 1
_mc_

© 2012-2018 Microchip Technology Inc.

DS00001477B-page 11



AN1477

In the perturbation and linearization step, it is assumed
that the averaged state variables and the input vari-
ables consist of the constant DC component, and a
small signal AC variation about the DC component.
Perturbed signals are shown in Equation 27.

EQUATION 27: PERTURBED SIGNALS

Vip = ViptVinr d = D+d, o, = Q + 0y Vos = Vps+vps, Ve = Vpc+VpC' ,'pS = ]ps"'ips’

i =1 4y i =1 +1 _ s L T 2 s
pc pe TP Tpp T pp T ipp: vcf ch+vcf, Yms ]ms+lmS’ "me Imc+lmC’ g =1 +ig,
o= +ie, vi= Vit ve=Votve, v =V, Ve, vo = Yo+ Vo

The sine component of the transformer primary
voltage (v,,) is linearized around the steady-state
operating point, as shown in Equation 28.

EQUATION 28: LINEARIZATION OF SINE COMPONENT OF TRANSFORMER PRIMARY VOLTAGE

. ) 5
4n lps 4n ("¢ lps 8n .
v = —Z—abs(v, ) = —(—)—v +—(r +7r)i
S se cf 2Vd T dps
p T lpp T\r, i 2+i 2 - P
ps pc
I Y2
) A S —
ps | pe 5
A 4nch(r'c) ]ps +Ipc ; 4nch(r'C) psipe ;
ps . DS~ 3 |'Ppe
T T I S2+[ . no\r, ) 5 :
ps P (1 +1 )
ps pc
’ 2
4n("¢ [ps ~ 3
?(r > Vert —z(rd+rc)zps
¢ “ 4]
ps pe
2
. rN\(4nV I~ anV I I . 1. 2 .
Y —(—C) [ pe - of ps_pe +@ psvcf+—(r +7' )i
ps r P 3 ps T 3 ‘pc I . 2 \'d c/'ps
¢ oy Iy ’
AV, PN L P g2
cf c) pc 8”1 '
Hip_ T(V_) 3 +_2(rd+rc)
¢ “pp T
o nch(Q)IpS]pc
ic T rc ] 3

DS00001477B-page 12 © 2012-2018 Microchip Technology Inc.
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The cosine component of the transformer primary
voltage (v,.) is linearized around the steady-state
operating point, as shown in Equation 29.

EQUATION 29: LINEARIZATION OF COSINE COMPONENT OF TRANSFORMER PRIMARY VOLTAGE

. ' 1 2
4n pe 4n(T ¢ ‘pe 8n N
Vpc = ? l_—abs(vse) = ?(V—)—chi- —z(l’d'l-}"c)lpc
PP i 2452 T
ps pc 5
I 2 ]pc
ps pc 5 5
S 4nch(rC) Ipslpc » +4nch (2} [ps +IPC ;
pe To\r 3|78 T r 2 pe
‘ 2 22 ‘ Lyg + 1.
(1}m +1pc )
4n (" I ~ n2
+—(r—cj —2‘“ > Ver+ =5 (rg+ ' Dipe
c T
V]ps +]pc
7 4dnV I 1 anV . 1 2 1 2
~ ' A ' a 4n ~ 8n N
vI)S - (V_C) - TECf 17[5 §7C lps+ TECf PS3 lpc+? }D_C ch +_2(rd+rc)lﬁc
¢ pp pp rr
G - _4nch (E}II)S ]pc
v n re o3
pp
2
anV v N1 2
_ of("c\ ps_ 8n ,
GiC_ T(r_)] 3+—2(rd+rc)
Clpp T
4n r‘c Ipc
Grop = 2 ()
: AT, Ipp

© 2012-2018 Microchip Technology Inc. DS00001477B-page 13
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The linearization of the input voltage (v,,) is shown in
Equation 30.

EQUATION 30: LINEARIZATION OF
HALF-BRIDGE INVERTER
OUTPUT VOLTAGE
v, . (n
Ves = — sm(zd)
Vot Vpg = % x (Vy, + {/in)sin(g(D + 21))

Expanding sin(g(D + El))
= sin(gD) cos(%gl) + cos(gD) sin(gfl)
= sin(gD) + gcos(g

~ 2 ~ . (T T T ~
Ves= E(Vin+vin)(sm(§D) + ECOS(ED) )

D)El

vV, +

es

Removing the steady-state terms and other higher
order perturbed terms in Equation 30 to get the
linearized input voltage, as shown in Equation 31.

LINEARIZATION OF
HALF-BRIDGE INVERTER
OUTPUT VOLTAGE

EQUATION 31:

2 . ()~ T 5
Ves = Esm(zD) Vipt+ Vincos(iD)d

{/es = Kl{/i,,+K23

Where:
2 . (n )
K, == =D
1 nSll’l 2
T
K, = Vincos(iD)

The linearization and perturbation of the tank current,
capacitor voltage, transformer primary voltage, output
voltage and output filter capacitor voltage, after remov-
ing the second order and DC terms, are provided in
Equation 32 through Equation 43.

In resonant converters, the poles and zeroes are
the functions of normalized switching frequency
(0g, = ©5/0g), where o4 is the switching frequency
and o is the resonant frequency.

The linearization and perturbation of the sine component
of the tank voltage is provided in Equation 32.

EQUATION 32: LINEARIZATION OF SINE COMPONENT OF TANK VOLTAGE

d(I +1y)
s dt

I
L—

dt

+r(I+ i) + LI+ ?C)(QS + mos—j +(Vi+v) +(V,

+ 1yl + QL e + Loyl Osn + Vs + Vpg = Veg

st Vps) = (Ves + Ves)

DS00001477B-page 14
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Substitute the values of Equation 28 and Equation 31
into the sine component of the tank voltage, as shown
in Equation 33.

EQUATION 33: LINEARIZATION OF SINE COMPONENT OF TANK VOLTAGE

di R R
L2+ s+ QUL+ Lol g+ Vg + Hy lo+ Hy o= Hy o= Hy e+ H Vep = K{viy+Kyd
d;s 2

LSE = _(Hip+rs)ls_(QSLs+Hic)l —v +Hlp1ms ch me HVCf f+K v +K, d-L u)OI wsn

ai ) I LT tms T tmem VT T in T 7. Csn
S S S S S S S

% _ (HP+VJA (QSLS+HiC\J;. 1~ HipA. HicA. chfA K. Ky, Lol .
- K c

The linearization and perturbation of the cosine
component of tank voltage is provided in Equation 34.

EQUATION 34: LINEARIZATION OF COSINE COMPONENT OF TANK VOLTAGE

(I, +1,) 2
LST'FF(] +l) L(1+IY)(Q +(’00 \J+(V+VC)+(V
0

pc+vl70) =0

di R R R R
(Lsd—+r i j QSLSIS—LSQ)OISO)S”+VC+VPC =0

Substituting the values of Equation 29 into the cosine
component of the tank voltage, the result obtained is
shown in Equation 35.

EQUATION 35: LINEARIZATION OF COSINE COMPONENT OF TANK VOLTAGE

di X R
[LSTS +r. ZCJ QLG — Loy @y + Ve + G+ Grde= Gyl = Gride + Crefbe, = O
di,. N R R 5 -
L, i = (Q,L, - G,p)ls (Gio+r)ic—ve+ Gl‘plms +Glme— G\)Cfvcf+ Loyl o,
P @L Gyl Cuetrdy 15 Oy O Oofy D000
dt LS LS ‘ LS LS ns LS LS f LS i
The linearization and perturbation of the sine component The linearization and perturbation of the cosine
of the tank current is provided in Equation 36. component of the tank current is provided in
Equation 37.
EQUATION 36: LINEARIZATION OF SINE
COMPONENT OF TANK EQUATION 37: LINEARIZATION OF COSINE
CURRENT COMPONENT OF TANK
- . CURRENT
d(Vi+v) R o . -
CST+CS(VC+VC) QS+Q)00)— = (I +1y) d(VC+VC) . o .
5 CST —C(V, +vy)| Q + oo—| = (IC +1.)
s A
C—+CQv +Cc00C = ls ( d{’c ] )
C—-CQv C oV O, =1
A 0 sn c
dvs _ 1 C&‘QS" CSO)O VC ~ S di y ¢
E - Fsls_ Cs Yem Cs msl’l dvc _ 14 CSQSA CSO)O VS A
7 = Fslc + CS VS+ CS (l)sn

© 2012-2018 Microchip Technology Inc. DS00001477B-page 15
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The linearization and perturbation of the sine component
of the magnetizing current is provided in Equation 38.

EQUATION 38: LINEARIZATION OF SINE COMPONENT OF MAGNETIZING CURRENT

A +1,.) .
ms ~ms A Oy | N
di .
ms ~ o~
Lm_dt +Lszzmc+Lmlmcw0wsn = Vps

Substituting the value of Equation 28 into the sine com-
ponent of the transformer primary voltage, the results
are shown in Equation 39.

EQUATION 39: LINEARIZATION OF SINE COMPONENT OF MAGNETIZING CURRENT

m +L, Qipe+Ll, I 0405, = Hl.pis+Hl.cic—Hl.pims—Hl.cimc+chfvcf

di
ms A ~ ~ ~ N A
= H. ls+Hl.czc—Hl.pzms—(Hl.c+Lsz)1mc+chfvcf—LmImc(;)O(osn

L —=
m dt p

H. H. H. (H. +L_Q.) H L I o,
ms ips ic ips ic’ Tm s vef s m mc 0
dr L T et T 'msT 7 "met T VT T Osn
m m m m m m

The linearization and perturbation of the cosine
component of the tank voltage is provided in
Equation 40.

EQUATION 40: LINEARIZATION OF COSINE COMPONENT OF MAGNETIZING CURRENT

dil_ +1, ) - ]
mc mc A Oy | ~
LmT_Lm(]ms"'lmS) (QS+0300)— = (Vpc+vpc)

l A
MC_ L Qi L I o

Lm dt m=2stms ~ Lt ms®0®Psn = Vpe

Substituting Equation 29 into the cosine component of
the magnetizing current, the result is shown in

Equation 41.
EQUATION 41: LINEARIZATION OF COSINE COMPONENT OF MAGNETIZING CURRENT
d?mc Iy ~ e} 2 2 o) o
LMW_Lszlms_LmlmsmOmsn = G,-pls+ GiczC—Gipzms—Giczmc+ Gvcfvcf
Yine _ Sip; | Gicy Gip~ w0, Sie; Gy Lm0,
dt _Lms L ¢ Lm ms~ T ‘mcT T Ve Lm sn

DS00001477B-page 16 © 2012-2018 Microchip Technology Inc.
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The linearization and perturbation of the output filter
capacitor voltage is provided in Equation 42.

EQUATION 42: LINEARIZATION OF OUTPUT CAPACITOR VOLTAGE
d(V +\3,)
r AN
c 1 ( A _ 2 A
(@) —a— 70+ 7 ) = 20y +ip
v,
:>(1+r—c)C ><—Cf+l{/ 2;
R @ TRV 7l
From Equation 16:
2. 2n . 2 . 2
=i = — i +i
TSP n N PpS pc
2 _am__ps 5o m fpe
TSP P s pc
1 2+I ,2 1 2+I )
ps pc ps pc
:KisipS*'Kicipc
2’} ] ] ] ]
Elsp = KslS+Kich Kislms_ ictme
v,
:>(1+rc)c i S KK K. K. (1)
)5 Tar T Rists TRicle T Ristms T Rietme T\R ch
Where:
ips =ig-i,s and ‘pe T e ime
I I
”=2—n ps and Kl.c=2—” pe
T 2 T 2
I ~+1 I "+
ps pe ps pc
dv
:>r"c cf—K i+K. 1 K. 1 i (1)
Ff Tdr T Nis's T Ricte ™ istms ™ Rictme T \R) Ve,
dve K. K.r " . r
_f= Is_ ¢y e cs is_ ¢ e cs c_;
TG G T G G, e RG Ry

DS00001477B-page 17
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The linearization and perturbation of the output voltage
is provided in Equation 43.

EQUATION 43: LINEARIZATION OF OUTPUT VOLTAGE

rl
V0+v0— r (] +1Sp)+( ](ch+véf)
A 2 , 4 + r‘C ~
=y = R vcf
c

r!
:>v0—r (KzslS+K z Kzslms Kl.cimc)+( ]v

o

r'
A A A C A
v:K.r"+K.r' -K. r K. ri +|—|v
0 = (K7 is + Ky l is c’ms ic clmc)

Equation 32 through Equation 43 are arranged, as
shown in Equation 44.

EQUATION 44: LINEARIZED SMALL SIGNAL MODEL OF LLC RESONANT CONVERTER

di H. +r QL +H. H. H. H K K L ol .
s ip s|s s7s icls 1~ ips ics _vefs 1~ 2~ s 0c
@ T o\TrL )T\ T L, St LT ms T tme T T Ve T in 4T T O
s s s s s s s
dig _ (QSLS_Gip)': (Gic+rs)c 1~ Gipe GicA. GvcfA _ LSO)O]S'\
@ T T L. st L letrtet T ‘msT tmeT Ve Osn
s s s s s s
d‘A’s 1 CSQSA CS(;)OVC R
dr ~C'sT ¢ Vem T Osn
s s
d‘;c 1 CSQSA Csmo V. R
E = C .+ C Vg + C (Dsn
s s s
iy _ ip» HicA. Hlp H;o+L,Q ch ~ mme () ~
2 T Str et T ims T Imet T Vef = sn
m m m m m m
diy e GipA. Gzc (Glp Lsz) Glu cf~ | mms Q.
2 T st lem L ms~ T ‘met T Vet —7 sn
m m m
dvc K r K. r K. r K. r r
f iscs  iccn lSc’l: ic'c cvf
= - C
dt Cer, S Cpr, € Cy ms Crr, me RC, 7,
The output equation is:
r;_ .
vg = K i +K rcz Kzsrc lms Kicrclmc+ . Vef
c
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Formation of State-Space Model

State-space representation is a mathematical model of
a physical system as a set of input, output and state
variables, related by first order differential equations.

Additionally, if the dynamic system is linear and time
invariant, the differential and algebraic equations may
be written in matrix form.

The state-space representation (known as time domain
approach) provides a convenient and compact way to
model and analyze systems with multiple inputs and
outputs.

Equation 45 provides the state-space representation of
the LLC resonant converter.

EQUATION 45: STATE-SPACE MODEL OF LLC RESONANT CONVERTER

dx

i Ax + Bu
y = Cx+Du
Where:
A A A A A A A ~ r
x = (s ¢ Vs Ve tms tme "Cf) States of the system

=

y = (v ) Output

H. +r QL +H.)
_p s VsTs ic o1 0
L L L
s s s
(QSLS_Gip) B Gl.c+rs o 1
L L L
s s s
C
1 s°°s
— 0 0 -
C C
s s
A = 0 1 s 0
C C
s s
Hip Hic
T I 0 0
m m
Sip Gie o
L L
m m
Kisrvc Kicrvc
0 0
| Cf VC Cf VC

s c s c

C=((K- r)

D=0

V0

Wgsn

(}’sn or (I)sn ) Control inputs and all other disturbance inputs are ignored

B = ((—oyl,) (0l (m0yV,) (0yV,) (-o4,.) (04,,) O)T

(K, 7') (0) (0) (K, r') (K ')

For the linearized system, the required control-to-output voltage transfer function is:

C(SI—A)_IB +D = Gp(s)

ip Tie vy
L L L
s s s
%ip )
L L L
s s s
0 0 0
0 0 0
H. H. +L Q H
_ip e Tms vef
L L L
m m m
G. —-L Q G. . G
ip "ms _ ic vef
L L L
m m m
K. r K.r r
s ¢ _ice ¢
Cfrc Cfrc RCfrC_

ms

ic c
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HARDWARE DESIGN
SPECIFICATIONS

Series resonant inductor (L,) = 62 pH
Series resonant capacitance (C,) = 9.4 nF
Magnetizing inductor (L,,) = 268 pH

Input voltage (7;,) = 400V (DC)

Output filter capacitance (Cf)= 2000 uF
Output power = 200W

Switching frequency (f;) = 200 kHz

DCR of resonant inductor (r;) = 15 mQ
ESR of output capacitor (r,) = 15 mQ
Secondary MOS resistor (r;) = 0.725 mQ

EQUATION 46: PLANT TRANSFER FUNCTION

Equation 45 can be solved using MATLAB® to obtain
the control-to-output (plant) transfer function,
sys =ss (A, B, C, D). The ss command arranges the
A, B, C and D matrices in a state-space model. The
G,(s) = t£ (sys) command gives the transfer function
of the system, where sys indicates the system. The
plant transfer function order is reduced by neglecting
the poles and zeros having frequency higher than the
switching frequency. The reduced order plant transfer
function (G,(s)), along with the design values, are
shown in Equation 46.

40311827883 x (s + 1.98 x 105)><(s—6.711 x 105)

Gpls) = 7 g 2 3 P
(s"+4.102%x10 s+7937%x10 ) x (s +2.697x10 s+ 1.05x10 ")

6.4275 x {;5 + 1} x {;5 - 1}

G 1.98 x 10 6.711 x 10
S) =
p
s 4102 % 10% s 2,697 x 10°
3 + s+ 1]x 3 + 12s +1
7.937x10°  7.937 x 10 1.05 x 10 1.05 x 10

The general form of G, (s) is shown in Equation 47.

EQUATION 47: GENERALIZED FORM OF
PLANT TRANSFER
FUNCTION
G [1+=2)x[—=2——1
po( wesr) (wRHP )
G (s5)=
P 2 2
[ST 5 +1] x(ST+—S +1]
mpl leo)pl “’pz szcopQ

The [p, z] = pzmap (G, (s)) command gives the
poles and zeros of the plant transfer function.
Figure 7 illustrates the pole-zero plot for the G, (s),
which is obtained from the MATLAB command,
pzmap (G, (s)). Figure 7 shows dominant poles and
zero of Equation 46, excluding RHP zero and high-
frequency poles. Figure 8 illustrates the Bode plot
obtained using MATLAB for detail plant transfer function
and reduced order plant transfer function.
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© 2012-2018 Microchip Technology Inc.



AN1477

FIGURE 7: POLE-ZERO MAP OF PLANT TRANSFER FUNCTION

x 10° Pole-Zero Map of Plant (excluding RHP zero and high-frequency poles)

2.5 T
27
1.5

17

o (©)
-198000

Imaginary Axis

2

T

T

X i
-20500+j19300

-20500-j19300

2.5 -2

-1
Real Axis

x 10°

FIGURE 8: SIMULATED BODE DIAGRAM OF PLANT TRANSFER FUNCTION
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Digital Compensator Design for
LLC Resonant Converter

The plant model is derived as shown in Equation 46. In
order to attain the desired gain margin, phase margin
and crossover frequency, a digital 2P2Z compensator
is designed. The digital 2P2Z compensator is derived
using the design by emulation or digital redesign
approach.

In this method, an analog compensator is first designed
in the continuous time domain and then converted to
discrete time domain using bilinear or tustin transfor-
mation. Figure 9 illustrates the block diagram of the
LLC resonant converter with a digital compensator.

After deriving a plant model, the controller design
process starts with derivation of open-loop gain to get
the desired phase margin and crossover frequency for
the specified performance of the closed-loop system.
The block diagram in Figure 10 shows the system in
continuous time domain. The block diagram of Figure 10
can be simplified in terms of per unit system, using
1/Vpase 9ain in the forward path of the closed-loop sys-
tem, where V55 = 3.3/Kg. Figure 11 shows the per unit
block diagram. Vi ¢ is an essential gain to consider
while designing the controller. Figure 10 and Figure 11
are used only to design the controller in continuous time
domain. In the digital implementation, the controller
output is period instead of normalized frequency.

FIGURE 9: BLOCK DIAGRAM OF LLC RESONANT CONVERTER
Resonant Converter
Vrerln] eln] 2P27 Veln] Ngmf”ia'('jy F) | — e | Vol
ontrolle >
Compensator Oscillator ——
A/D Voltage Sensor
Kap [ Gprc
FIGURE 10: CLOSED-LOOP CONTROL BLOCK DIAGRAM IN CONTINUOUS TIME DOMAIN
Sensor Gain ADC Gain Controller LLC Plant
Vrer K, = L 5 G 2" sl G, Your,,
33
ADC Gain Sensor Gain LP Filter
% - Ky | Grpr(s)
FIGURE 11: SIMPLIFIED CLOSED-LOOP CONTROL BLOCK DIAGRAM IN PER UNIT

INCLUDING Vj,qe

Controller LLC Plant
Veer  J L ol Gus) —»] Gp(9) Your
Vbaxe
LP Filter
Grpr(s)
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As seen from Equation 47, plant transfer function
consists of an ESR zero and a pair of dominant complex
poles. In order to compensate for the effect of ESR zero
(increased high-frequency gain, and thereby, increased
ripple), a pole (w,) is included in the compensator. In
order to minimize the steady-state error, an integrator
(K.) is also added to the compensator.

Furthermore, in order to compensate for the effect of
the complex dominant poles (reduction in system
damping, and hence, increased overshoots and set-
tling time), two zeros, (s + o +jB) and (s + o — jB), are
added.

Effectively, the system will have a 2-Pole 2-Zero (2P22)
compensator in continuous domain, as shown in
Equation 48.

EQUATION 48: COMPENSATOR G(s) IN
CONTINUOUS TIME DOMAIN

O)Z
G(s) =
¢ sx(i+1)
“p
K /02 % (s + 0+jB) x (s + 0. —jB)
G (s) =

SX(LH)
(O]
P

One of the digital compensator poles (w, = 2xf,) is
placed at f, to cancel the ESR zero due to output filter
capacitor ESR (f,, = w,,/27).

esr

K. represents the integral gain of the compensator and
is adjusted to achieve the desired crossover frequency
of the system.

A pair of complex zeros of the compensator, on the
complex s-plane, is at s; =—a+ j# and s, =—a—jf. The
compensator zero frequency magnitude (w.) is 2xf,.
The frequency (f;) is chosen slightly below or equal to
the corner frequency of the dominant resonant
poles (a)pl) to provide the necessary phase lead. The
compensator quality factor (Q,) is chosen to be compa-
rable, or equal to, the dominant complex pole pair
quality factor (Q,) of the plant transfer function at the
maximum load current. For this analysis, computational
delay is ignored. The computational delay is, however,
considered in the model loop gain while comparing the
model predicted loop gain with experimentally obtained
loop gain.

If the desired crossover frequency is denoted as (f,),
then w,. =j2xf,.
At crossover frequency, the loop gain of the system

should be zero dB or one on linear scale, as shown in
Equation 49.

EQUATION 49: COMPENSATOR GAIN
CALCULATION

G (s) ><Gc(s) =1
L P S=®
¢ ¢

The required gain of the compensator is:

~ 1 y 1
RN G.(5)

p S=m® S=0
C C

K

X Vhase

The compensator first pole (w),) is placed at 198k rad/sec
and the complex pair of zeros is placed at 25k rad/sec.
The resulting compensator for a crossover frequency of
10.5 kHz is shown in Equation 50.

EQUATION 50: COMPENSATOR TRANSFER
FUNCTION

36.97 x (s2 +3.714 x 104s +6.292 x 108)

G () = -
sx(s+1.98x107)

© 2012-2018 Microchip Technology Inc.
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The /p, z] = pzmap (G.(s)) command gives the poles
and zeros of the compensator. Figure 12 illustrates the

pole-zero plot for a G...

FIGURE 12:

POLE-ZERO MAP OF COMPENSATOR

Figure 13 illustrates the simulated Bode plot of loop
gain with designed compensator.

Pole-Zero Map of Compensator
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FIGURE 13:

SIMULATION BODE DIAGRAM OF LOOP GAIN
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The discrete compensator transfer function (G, ,) is
obtained using the tustin or bilinear transformation with
a sampling frequency of 200 kHz, as shown in
Equation 51. Another method to design and implement
the controller is discussed in the “Appendix” section.

EQUATION 51: COMPENSATOR TRANSFER
FUNCTION IN DISCRETE

DOMAIN
2
Goals) = 2712z —49.26z + 22.53
z —1.338z+0.3378
FIGURE 14: COMPARISON OF SIMULATION AND MEASURED LOOP GAIN FOR FULL LOAD

Figure 14, Figure 15 and Figure 16 show the compari-
son of simulated and measured loop gain plots for
100%, 50% and 10% load conditions, respectively. A
practical delay of 8.55 us is produced due to digital
compensator implementation, which is added in
simulation loop gain plots.

Gain Plot

360 : .
— Simulation
Experimental
g 180
(o))
o)
=}
o)
(2]
P
o Un
-180 ‘ ‘ i
107 10°

Frequency (Hz)
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FIGURE 15: COMPARISON OF SIMULATION AND MEASURED LOOP GAIN FOR 50% LOAD

Gain Plot

10 10

Phase Plot
360 \ \ — T 7 \ \ —

— Simulation
Experimental

Frequency (Hz)
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FIGURE 16: COMPARISON OF SIMULATION AND MEASURED LOOP GAIN FOR 10% LOAD

Gain Plot
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Table 1 shows the comparison of measured and simu-
lated phase margin and crossover frequency for 100%,
50% and 10% load conditions.

TABLE 1: COMPARISON OF SIMULATION AND MEASURED CROSSOVER FREQUENCY AND
PHASE MARGIN FOR DIFFERENT LOADS

Crossover Frequency (Hz) Phase Margin (Degree)
Load
Simulation Experimental Simulation Experimental
10% 11489 12000 44.03 42.9
50% 11232 11900 39.43 41
100% 9582 10500 45.11 471
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CONCLUSION

Pulse Frequency Modulated LLC resonant converter
plant transfer function is derived by employing the EDF. A
digital compensator is designed to get an open-loop gain
of a closed-loop system with a very high crossover
frequency of ~10 kHz and a phase margin of
~45 degrees. The hardware results are in conformity to
the developed analytical model and also meet the target
specifications.

APPENDIX

Another commonly used design methodology involves a
compensator designed in a continuous time domain,
precluding the effects of an ADC, sensor and PWM
generator. However, while implementing the digital com-
pensator, the gains due to these blocks are evaluated
and an inverse gain is multiplied to the compensator to
nullify their effect. This way, the implemented loop gain
is equivalent to the designed loop gain in continuous
time domain. In other words, while implementing the
digital controller, calculate the combined gain offered by
the ADC gain, sensor gain and PWM gain, and multiply
the inverse of the gain with the continuous time domain
equation. Then, convert it in a discrete time domain con-
troller (G’.(s)) using bilinear or tustin transformation.
Compensator G’.(s) is shown in Equation 52. Calcula-
tion of compensator gain, K’,, is given in Equation 53.
Figure 17 shows a block diagram that explains this
method. Here, controller G’.(s) is multiplied with gain
constant, K, which is derived in Equation 54.

EQUATION 52: COMPENSATOR G’(s) IN
CONTINUOUS TIME DOMAIN

2
K ox| 342 +1
c [035 chmz ]
G o(s) =
N
sx(—+l)
o)
P
2 . .
K /o x(s+o+jB)x(s+a—jB)
z
G (s) =

sx(i+l)
®
P

EQUATION 53: COMPENSATOR GAIN K’
CALCULATION

G (s) x G' (s) -1
P sS=0 S=0
C C

The required gain of the compensator is:

1 1
K = X
MEREAC) G (s)
S=O, S=O
c c

EQUATION 54: GAIN CONSTANT K
MULTIPLIED WITH

CONTROLLER
_ 33 Pbase
K = FS X 7
Where:
n = ADC bits

Py, = Period corresponds to the
base frequency of LLC converter

FIGURE 17: SIMPLIFIED CLOSED-LOOP CONTROL BLOCK DIAGRAM

on Controller LLC Plant
Vrefx 3 X KS . oy, Vour
> G'.(s)xK > Gp(s)
ADC Gain Sensor Gain LP Filter
2 | K, |« Grpr(s)
33 :
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LIST OF PARAMETERS

TABLE 2: LIST OF PARAMETERS AND
DESCRIPTION
Parameter Description

I, Resonant tank current

v, Resonant tank capacitor voltage

I, Magnetizing current

Ver Output capacitor voltage

Vier Reflected output capacitor voltage
on primary side

Iy Transformer secondary current

I Sine component of resonant tank
current

L. Cosine component of resonant tank
current

Vg Sine component of resonant tank
capacitor voltage

Ve Cosine component of resonant tank
capacitor voltage

L, Sine component of magnetizing
current

Lpe Cosine component of magnetizing
current

I Sine component of transformer
secondary current

I Cosine component of transformer
secondary current

Vi Sine component of half-bridge
inverter output voltage

Ve Cosine component of half-bridge
inverter output voltage

s Sine component of transformer
primary current

I Cosine component of transformer
primary current

Loy Total primary current of transformer

Vs Sine component of transformer
primary voltage

Ve Cosine component of transformer

primary voltage

Transformer turns ratio
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